Abstract. Via so-called constrained stochastic simulation gusts can be generated which satisfy some specified constraint. Constrained stochastic simulation is based on conditional densities of normal random variables and it has previously been applied to generate maximum amplitude gusts and velocity jumps. In this paper it is used in order to generate specific wind gusts which will lead to local maxima in the response of (pitch-regulated) wind turbines. The method is demonstrated on basis of a linear model of a wind turbine, inclusive pitch control. The mean gust shape as well as the mean shape of the response, for some gust amplitude, is shown. By performing many simulations (for given gust amplitude) the conditional distribution of the response is obtained. By a weighted average of these conditional distributions over the probability of the gusts the overall distribution of the response can be obtained. Analytical expressions for the conditional distribution of the response (for given gust amplitude) as well as the overall distribution are specified. These form an ideal test case of tools (e.g. fitting to an extreme value distribution) to be used for non-linear wind turbine models. The application of the above method on a non-linear model of a wind turbine has still to be done.
Introduction
In order to arrive at the 50-years extreme response of wind turbines it would be ideal to have available the wind data, at the specific location of the wind farm, over a period of say 500 year and unlimited computational power. The 50-years response could than be determined on basis of simple statistical analysis of the simulated response. Both conditions do of course not apply in practice. Instead in standards some deterministic gust shape is provided which should represent the 50 years extreme situation, [8] . However both the gust shape as well as amplitude is rather arbitrary. Furthermore the deterministic gust does not reflect the stochastic nature of turbulence. An alternative is to do simulations, as long as practical feasible, and extrapolate the results to the desired return period of 50 years applying extreme value theory.
Here we will consider another alternative. In [1] so called constrained stochastic simulation is treated which allow to generate wind gusts which satisfy some specified constraint. E.g. one may generate time series around a local maximum with specified amplitude, or wind gusts which contain a prescribed velocity jump in a specified rise time. These wind gusts are embedded in a stochastic background in such a way that they are, in statistical sense, not distinguishable from real wind gust (with the same characteristics of the constraint). Constrained stochastic simulation enables us to limit the simulation to situations which contributes to the extreme response and skip all others. This potentially saves a lot of computational time and limit the required extrapolation (and accompanying uncertainty) to the required return period.
Maximum amplitude gusts have been successfully applied for stall-regulated turbines; furthermore the mean gust shape is validated against wind measurements, [3] . For pitch-regulated turbines it has been presumed that velocity jumps (specified by a local minimum and local maximum with a time separation (rise time) t ∆ and a velocity difference U ∆ ) will lead to extreme response. However in [4] it is shown that the control system is able to handle such kind of gusts. In this paper we will focus on the particular gust shapes which will lead to the extreme response. In order to determine these gusts a linear model of a wind turbine will be used. It is assumed that turbulence is Gaussian. An idea to extend the methodology to the non-Gaussian case is given in [4] . For convenience the wind speed at one point only will be considered; it should be possible to extend the method to a 3 D wind field. This paper will focus on the (theoretical) method rather than the application. The required statistical analysis is given, as much as possible, in separate appendices.
Determination of the specific gust shape
Constrained stochastic simulation is based on conditional densities, see Appendix A. As introduction of the method maximum amplitude gusts are treated first. The following (zero mean normal) random variables (RV) are considered:
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= & with u(t) representing the stochastic wind on a wind turbine. The (co)variances of these RV's are, see also Appendix B:
A local extreme of level A in the wind at t=0 is given by the constraint: 1 2 ; 0 y A y = = (2.4) Application of Eq. (A.5) leads to the desired gust shape (already presented in earlier work, e.g. [3] 
This gust represents an extreme in the wind. For large gust amplitudes A the mean gust shape resembles the autocorrelation function (ACF). In case local maxima only are considered one have to add an extra constraint (2 nd derivative less than 0). The resulting expression for such gust can be found in [1] .
We now focus on the gust which will lead to the governing ultimate response of a pitch-regulated wind turbine. Here it is assumed that the governing response is given by a local maximum related to e.g. the ultimate compression (or tension) stress at some critical location (e.g. blade root or tower base) or related to the maximum blade tip deflection (to prevent tower collision). For this purpose the wind input u(t) as well as the response r(t) has to be considered. The concerned event is specified by a local maximum in the response (of arbitrary value) at t=0 and the value of the wind input. In fact the wind input is not considered at t=0 but somewhat earlier, t δ = − . The mathematical reason for this will be explained shortly; since there will always be some time delay between the wind input and response of the wind turbine it is also natural to do so. So the following RV are involved:
( ) 
The time difference δ − has been chosen such that ( ) 0
; this result in a less complex structure for the required inverse of Q. Straightforward application of Eq. (A.5) again provides the gust which leads to an extreme in the response:
The expression for the response follows from the fact that the response of a linear system to the ACF of the input equals the cross correlation function (CCF) and the response to the CCF equals the ACF of the output (see Appendix B). is a local maximum, as expressed by Eq. (2.11). In case another choice had been made for δ still correct expressions could have been obtained, but they would be more complicated than Eq. (2.9) and (2.10).
Simulations based on a linear model of the wind turbine
For a linear system it is known that the response to a Gaussian signal is also Gaussian. This implies that the distribution of the local maxima in the response is given by the Rice distribution, [2] . In other words it is useless to apply constrained stochastic simulation to a linear system since the final answer is already known. Here we will nevertheless use a linear model of a wind turbine, just in order to demonstrate the probabilistic method. In fact the theoretical solution allows us to verify the probabilistic method. Since design packages does not standard offer a possibility to determine a linear model the model described in [6] has been used instead. This model describes the behavior of a typical 3-bladed pitch regulated wind turbine of 3 MW around the operating point of a mean wind speed of 16 m/s (the rotor speed is 17.25 rpm). Use is made of so-called Coleman transformation in order to obtain equations of motion without azimuth dependent terms. The consequence is that for the input the blade effective wind speed should be used. This is the wind speed as observed by a rotating blade at some radial position (so inclusive 1P and higher harmonics due to rotational sampling). The pitch control system concerns a simple PI system with as input the generator speed. As example the blade root flap moment ) but it is not necessarily the maximum inside the whole time series (a simulation length of 200 s is taken). In total 100 simulations have been performed, the averages of these simulations are depicted in Fig. 2 .
The theoretical mean gust shape of constrained simulations follows from Eq. (2.9); the mean value of B can be determined from its density function, see Appendix C. For our reference case it turns out that the mean gust shape almost resembles the auto correlation function of the wind (shifted in time over δ ). In general the mean gust shape will be different for other wind turbines, mean wind speeds and/or type of response considered (e.g. tower base moment instead of blade root moment). Note that .18 from [7] ). For these reasons it makes not so much sense to directly compare the gust shape of Fig. 2 to e.g. velocity jumps treated in [4] since the latter are given in a fixed frame of reference and are applied to some other reference turbine.
The mean shape of the response is shown in Fig. 2 , right. Figure 2 is based on constrained simulations, but the same result would have been obtained by selecting all local maxima from the response of an ordinary simulation over a long time period and performing an average (after first shifting all local maxima to t=0 and selecting only the local maxima for which in the corresponding wind input ( ) dominated by the cross correlation function (shifted in time over δ ); in general it will depend on the specific wind turbine and type of response. In order to obtain the overall extreme load constrained stochastic simulations have to be performed for different values for A (and repeated for different mean wind speeds, turbulence intensities). In Fig.  3 the results for A ranging from 1 u σ to 7 u σ are given. The empirical conditional distributions of Fig. 3 The with n the total number of simulations for each A (here n=1000) and i ranging from 1 to n. Finally, by a weighted average of these distributions over the probability of the gusts (i.e. distribution of A) the overall distribution of the response could be obtained (for given mean wind speed and turbulence intensity), see also Eq. (D.16). As already mentioned this overall distribution of the local maxima in the response should be given by the Rice distribution. In Appendix D it is proven that this is indeed the case which is some kind of verification of the given derivations. An extensive treatment of the overall probabilistic method can be found in [9] . A nice side effect of dealing with a linear system is that a theoretical expression for the conditional distribution can be obtained, see Eq. (D.13). The conditional distribution in case of 6 u A σ = is shown in Fig. 4 . Since we are interested in the extreme values the tails are of importance. In order to emphasize the tails also -log(1-F) is plotted. This can be interpreted as log(T) with T the return period (expressed in the number of local maxima in the response). For the reference case the 50-year value corresponds to: 
Conclusions and outlook
A method has been presented to generate specific wind gusts. These so-called constrained stochastic simulations can be used in order to determine the 50-year return value of the wind turbine load. To this end gusts have to be generated for different amplitudes (for each mean wind speed). The overall distribution of the load is obtained by averaging over all amplitudes (and mean wind speeds). The specific gusts are based on a linear model of a (pitch-regulated) wind turbine and are such that they will lead to local maxima in the response. However it makes no sense to apply the above mentioned method on the linear model itself since in that case an analytical expression for the distribution of extremes is already available, [2] . Instead the gusts should be applied on a non-linear model of a wind turbine (which still has to be done). It is of course not certain that the specified gusts will also lead to extreme response in that situation but it is expected that the proposed method is an improvement compared to deterministic extreme gusts as specified in standards. Furthermore it should be realized that uncertainty is inherent in extreme value analysis. Even in case of simulations based on ordinary generated stochastic wind fields (or measured wind records), one can not guarantee that gusts which dominate the 50-year response are present during the simulation period.
For application of the method with standard wind turbine design packages the formulation of Eq. (2.9) should be generalized to the 3 D case; this can be done similar to [4] .
A nice side effect of dealing with a linear system is that analytical expressions for the conditional distribution of the response (for given gust amplitude) as well as the overall distribution exist. These form an ideal test case of tools (e.g. fitting to an extreme value distribution) to be used for non-linear wind turbine models. ( ) From Eq. (A.1) and (A.2) it follows that the mean of the conditional density is 0.9 and the variance equals 1.9, see the figure at the right. In conclusion it can be said that in general the mean of a conditional density based on zero mean normal RV's is different from zero and the variance is smaller than the variance of the marginal density. For random generation of the conditional RV the density (A.4) can be used directly. In practice it is often more convenient to generate random numbers of the unconstrained RV's x and y and calculate the following combination: 2) The cross correlation function (CCF) is defined by:
3)
The variance equals the ACF for 0 τ = , e.g. It is assumed that the involved stochastic processes are stationary so: the response is given by: 
14)
The response of the linear system with the ACF as input, Eq. (B.12), is given by, see also Eq. (B.10):
Likewise the response on the CCF is given by: So finally the density of B is given by: 
